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The mechanical properties of soft materials can be probed on small length scales by various mi-
crorheology methods. A common approach tracks fluctuations of micrometer-sized beads embedded
in the medium to be characterized. This approach yields results that depend on the probe size when
the medium has structure on length scales comparable to or larger than this size. Here, we intro-
duce a filament-based microrheology (FMR) method using high-aspect-ratio semi-flexible filaments
as probes. Such quasi-1D probes are much less invasive due to the nanometer-scale cross section
of the probes. Moreover, by imaging the transverse bending modes, we are able to simultaneously
determine the micromechanical response of the medium on multiple length scales corresponding
bending wavelengths. Here, we use single-walled carbon nanotubes (SWNT) as probes that can be
accurately and rapidly imaged based on their stable fluorescence. We model SWNTs as semi-flexible
filaments. We find that the viscoelastic properties of sucrose and polymeric hyaluronic acid solu-
tions measured in this way are in good agreement with those measured by conventional micro- and
macrorheology.
Soft complex materials such as surfactant- or poly-
mer solutions typically have structure at length scales
that greatly exceed the molecular scale. Correspondingly,
such systems exhibit a broad range of characteristic re-
laxation times, reaching milliseconds, seconds, or much
longer times. These relaxation processes and time scales
can be probed at the macroscopic level by conventional
macroscopic rheology methods. Macroscopic rheology is
usually limited, however, to time scales longer than ∼ 0.1
second [1]. Various microrheology techniques have been
developed that can probe time scales in the ∼ 10 mi-
crosecond to second range, e.g., using micrometer-size
probe particles [2–6]. Using small probes has the fur-
ther advantage that one can study small samples or per-
form experiments in confined geometries. Microrheology
is sensitive to structural length scales in the media stud-
ied if they are comparable to the probe sizes or larger
[7–9]. On the one hand, this causes challenges for data
analysis, since simple continuum mechanical approaches
might be inappropriate. On the other hand, microrhe-
ology can be used to explicitly probe local structure in
complex media in ways not possible with macrorheol-
ogy. One way to probe the material responses on varying
length scales by microrheology is to evaluate correlated
fluctuations of pairs of probe particles that reflect the
mechanical response at the scale of the separation be-
tween probes [4, 10, 11]. This approach, however, can
still suffer from artifacts created by the presence of the
micrometer-size probe particles, and, most importantly,
particular samples might not be accessible to the probe
particles. This is especially true for biological materials,
such as cells or tissues, where beads can often not be in-
corporated into structures such as the cell nucleus, the
mitotic spindle or the cytoskeletal actin cortex [12–15].
Here, we introduce the use of slender filaments, in
practice semi-flexible polymers, as local stealth probes.
While the filament length is relevant for the hydrody-
namic interaction with the embedding medium, the fila-
ment diameter determines the excluded volume effects
and thereby local perturbations. Specifically, we use
single-walled carbon nanotubes (SWNTs) that are min-
imally invasive because of their extreme aspect ratio,
their diameter is only ∼ 1 nm, while their length can
reach tens of µm (Fig. 1a). Since SWNTs have a well-
defined chemical structure, we precisely know their bend-
ing stiffness, which is essential for their use as mechanical
probes. Semiconductant SWNTs are extremely photo-
stable near-IR fluorescent probes, which permits long-
time and high-resolution tracking of both their position
and shape [16]. We decompose the recorded fluctuating
shapes of SWNTs into sums of dynamic bending eigen-
modes (Fig. 1b). The dynamics of each mode reports on
medium properties on the scale of its characteristic wave-
length. By resolving the bending fluctuations of SWNTs
of up to tens of micrometers in length, we show how one
can simultaneously measure the rheological response of
the embedding medium over a range of length scales using
a single filament. Filament-based microrheology (FMR)
offers several advantages over conventional microrheol-
ogy: (1) Multiple length scales can be probed simulta-
neously; (2) the sensitivity of the measurement can be
tuned by the stiffness of the chosen probe filaments; and
(3) this approach can use a wide range of semi-flexible fil-
aments, including endogenous cytoskeletal biopolymers,
such as actin filaments and microtubules.
We parameterize the shape of a weakly undulating fil-
ament at time t by the transverse deflection u(s, t) along
its arc length s. The equation of motion for the transverse
deflection can be expressed as a generalized Langevin
equation describing net force per unit length on the chain
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FIG. 1. (a) A near-infrared fluorescence image of a single-
walled carbon nanotube (SWNT) in a 4.5 mg/ml hyaluronic
acid solution. In this study, we use SWNTs as probe fila-
ments. (b) The first three spatial dynamic eigenmodes of an
elastic beam with free ends.
at position s [17, 18]:
0 = −κ
∂4
∂s4
u(s, t)−
∫ t
−∞
dt′α(t− t′)u(s, t′)+ ξ(s, t) . (1)
The first term accounts for the elastic restoring force [18],
where κ is the bending rigidity of the filament. The sec-
ond term is the viscoelastic drag on the filament. The vis-
coelastic resistance per unit length is given by the mem-
ory function α(t), whose Fourier transform α(ω) is pro-
portional to the complex shear modulus of the medium,
G(ω) [19, 20]. For the transverse displacement of a
rigid rod of length L and diameter d, in a viscous liq-
uid, α(ω) ≃ −4piiωη/ ln(AL/d), where A ≃ 2.3, and η
is the viscosity [21–24]. The Brownian force ξ(s, t) has
zero mean 〈ξ(s, t)〉 = 0 and a power spectrum satisfying
〈ξ(s, ω)ξ(s′, ω)〉 = 2kBT
ω
δ(s− s′)Im[α(ω)], as required by
the fluctuation dissipation theorem (FDT). Here, kB and
T are Boltzmann’s constant and absolute temperature,
respectively.
We analyze the bending dynamics of the filaments by
expanding u(s, t) into orthogonal dynamic eigenmodes
yq(s) as u(s, t) =
∑
q aq(t)yq(s). Following Aragon and
Pecora [17], the eigenmodes (assuming free ends) are:
yq(s) =
1√
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with the wave number q = αk/L =
(
k + 1
2
)
pi/L. The
projection of Eq. 1 onto a particular spatial mode
yq(s) gives the equation of motion for the kth mode as
0 = −
∫ t
−∞
dt′α(t− t′)aq(t
′)−κq4aq(t)+ ξq(t). Assuming
linear response to the Fourier component of the force fq,
the amplitude of this mode will be aq(ω) = χq(ω)fq(ω),
with the response function χq(ω) = (κq
4 + α(ω))−1.
The FDT relates the amplitude autocorrelation function
Cq(t) = 〈aq(t)aq(0)〉 of each mode k to the corresponding
time-dependent response function χq(t) for t > 0: [25, 26]
kBTχq(t) = −
d
dt
〈aq(t)aq(0)〉 =
1
2
d
dt
Mq(t), (2)
where the mean-squared amplitude difference (MSAD)
is defined as Mq(t) = 〈[aq(t) − aq(0)]
2〉 = 〈[∆aq(t)]
2〉.
Fourier transformation is used to obtain the frequency-
dependent response function χq(ω) = χ
′
q(ω) + iχ
′′
q (ω) =∫
∞
0
dtχq(t)e
iωt. To increase the accuracy of the numeri-
cal calculation, we applied the five-point stencil method
to calculate the numerical derivative and Simpson’s rule
for the subsequent integral as introduced previously [26].
The response function χq(ω) is thus calculated from di-
rect integral transforms of the MSAD using the FDT. Al-
ternatively, χq(ω) and G(ω) can also be evaluated from
the bending fluctuations using a Kramers-Kronig integral
(KK integral) [3]. The detailed procedures and a com-
parison are given in the Supporting Information. The
complex α(ω) and the complex shear modulus G(ω) can
be evaluated from χq(ω) via:
χq(ω)
−1 − κq4 = α(ω) ≃ 4piG(ω)/ ln(ALeff/d), (3)
where Leff ≃ L/(k+ 1
2
) is the characteristic length of the
displacement or undulation [20]. For a typical SWNT
diameter of ∼ 1 nm and Leff of ∼ 3 µm, corresponding
to a typical wavelength we study, α ≃ 1.4G(ω). The
real part of Eq. (3) contains the elastic part of the
shear modulus; Re([χq(ω)]
−1) − κq4 = k0G
′(ω), where
k0 = 4pi/ ln(ALeff/d). It is evident from this equation
that G′(ω) is difficult to quantify from χq(ω) if the term
κq4/k0 with q = (k + 1/2)pi/L, which strongly depends
on mode number k, is significantly larger than G′(ω). In
other words, the lower modes of longer SWNTs are more
suitable for measuring softer materials than the higher
modes (see Supporting Information for a detailed discus-
sion (Fig. S3)).
We tested our method on two experimental systems:
a purely viscous sucrose solution and a viscoelastic
hyaluronic acid (HA) (Mw = 2 - 2.4 MDa) solution.
Surfactant-wrapped SWNTs were mixed into these so-
lutions and illuminated with a 561 nm laser. Experi-
mental details are given in Supporting Information. The
chirality and thereby the diameter of each SWNT can
be determined from its fluorescence spectrum [27]. In
this study, a 561 nm laser was used to resonantly excite
SWNTS of a (6,5) chirality, the diameter of which is 0.78
nm [16, 28].
Fig. 2(a) shows the time series of amplitudes of bend-
ing modes of a nanotube with approximately 5 µm length
in a viscoelastic 3 mg/ml HA solution. As expected for
an intrinsically straight filament, mode amplitudes fluc-
tuate around 0. The amplitude of fluctuations decreases
for the higher modes as expected from equipartition for
thermally excited modes. Fig. 2(b) shows MSADs for
modes 1 to 3. As discussed in Fig. S2, the bending fluc-
tuations of SWNTs were always significantly larger than
the noise floor for the first three modes. At short times
up to 1 s, all the MSADs exhibit a power law slope <
1, reflecting the viscoelasticity of the system (Fig. 2b).
At long times, MSADs reach a plateau. This is due to
the fact that the elastic bending modulus of the filaments
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FIG. 2. (a) Time series of amplitudes of three modes (1 to 3)
of an 5 µm SWNT in a 3 mg/ml HA solution. (b) MSADs
for three modes. Five recordings of the 5 µm SWNT were
averaged (mode 1: red circles, mode 2: green squares, mode
3: blue triangles). Inset: Variance of the mode amplitudes,
plotted vs. wave number in a 3 mg/ml HA solution (18 record-
ings from five nanotubes with lengths of 4.5 ∼ 8.5 µm) (blue
lines). Averages smoothed by binning (red circles). Expected
dependence 〈aq(0)
2〉 = kBT/κq
4 with κ = 1.26 × 10−25 J·m
[16] (black dashed line).
begins to dominate over the medium response and lim-
its the bending amplitude. The MSADs of higher modes
reach the plateau earlier due to higher bending energy
in the higher modes for a given amplitude. In the in-
set of Fig. 2(b), the total variance of amplitude fluctua-
tions of each bending mode 〈aq(0)
2〉 is plotted against the
wavenumber. The equipartition theorem dictates that
the variance in the amplitude of bending modes has to
be inversely proportional to the bending rigidity [18, 24]:
〈aq(0)
2〉 = kBT/κq
4. This prediction is also plotted, us-
ing κ = 1.26 × 10−25 J·m, which is an experimentally
measured value from Ref. [16]. As shown in the inset
of Fig. 2(b), our experimental data closely matches the
data presented in Ref. [16]. We use the experimental
value, κ = 1.26× 10−25 J·m, for further analysis.
To confirm our method, we applied it to a 60 wt%
sucrose solution, a Newtonian fluid with constant viscos-
ity. We recorded and analyzed 24 movies of 8 fluctuating
SWNTs with lengths of 4.5 ∼ 6 µm in the sucrose solu-
tion. G′′(ω) obtained from the first two bending modes
is shown in Fig. S5. The measured values of G′′(ω) from
the two modes collapse onto a single curve with a power-
law slope of ∼1 as expected for a Newtonian fluid. We
also determined the shear modulus of the same sucrose
solution directly by macroscopic rheology with parallel-
plate geometry and found good agreement (Fig. S5).
To further confirm the method in a viscoelastic mate-
rial, we studied an HA solution. HA is an anionic gly-
cosaminoglycan prevalent in the pericellular matrix of
many cells and shows non-trivial viscoelasticity [29]. We
prepared solutions with concentrations ranging from 1 to
4.5 mg/ml. SWNT Brownian fluctuations and tracking
results in a 4.5 mg/ml HA solution are shown in movie
S1 and Fig. S6, respectively. Thermal fluctuations of
the filament are clearly visible. Complex shear moduli,
calculated from bending mode amplitude time series, in
HA solutions with concentrations of 1 - 4.5 mg/ml are
shown in Fig. 3(a) and Fig. S7. As discussed above,
the higher modes of shorter SWNTs are less suitable to
measure G′(ω) because the term κq4/k0, which is the
apparent elastic modulus caused by bending stiffness,
becomes dominant over G′(ω). Since the low-frequency
G′(ω) of the hyaluronic acid solutions is ∼ 0.3 Pa, we
chose mode numbers that fulfill κq4/k0 . 0.3 Pa with
q = (k+1/2)pi/L to estimate G′(ω). Complex shear mod-
uli calculated from several modes in Fig. 3(a) agree at
each concentration. This result is expected and confirms
our approach since the rheological properties of HA solu-
tions should not depend on the length scale of the probe
in the µm range. Complex shear moduli obtained from
filament bending dynamics (Gfilament) were again com-
pared with those obtained from conventional bead mi-
crorheology (Gbead). Details of bead microrheology and
data processing to obtain Gbead are given in Supporting
Materials. Again, good agreement was obtained for all
the concentrations (Fig. 3(a) and Fig. S7). In the high-
frequency regime, Gbead extends beyond Gfilament by as
much as half a decade in frequency because of frame rate
differences, 50 Hz for bead microrheology and 10/20 Hz
for FMR. For an exact comparison between Gbead and
Gfilament, real and imaginary parts of Gbead were fitted
by power-law functions, and both components ofGfilament
derived from multiple bending modes were divided by the
fitting results (Fig. S8). The filament derived complex
shear moduli, normalized in this way, fluctuate around 1
for all the data sets, indicating that Gfilament gives results
well consistent with bead microrheology.
It is important to note that thermally excited bends
of a filament embedded in a polymer network can re-
lax either by the relaxation of the surrounding medium
with the filament staying in place and following the
surrounding entanglements, or by reptation of the fila-
ment through the network, an anisotropic diffusion pro-
cess through the polymer network [30–32], as directly
observed in previous experiments [33–35]. Reptation
will contribute to mode amplitude relaxation if it oc-
curs rapidly enough to compete with medium dynamics
4[32, 36]. We do not consider this process here since in the
viscous or weakly elastic solutions we probed medium re-
laxation was dominant. In more strongly entangled poly-
mer networks, reptation needs to be taken into account
or suppressed by crosslinking the probe filament to the
network. Otherwise FMR would give inaccurate results.
Shorter wavelength modes should be less affected by rep-
tation artefacts than longer wavelength modes. In our
data the viscoelasticity evaluated from different modes
coincides and the results also coincide with those from
conventional micro/macrorheology. Given the parame-
ters of our experiments, bending fluctuations were thus
dominant over reptation in every mode in the time win-
dow of the experiments, and the transverse bending of
semi-flexible filaments here captured the viscoelasticity
of the system well.
The complex shear moduli increase with increasing HA
concentration. To monitor changes of rheological prop-
erties, we fitted G′′bead with power-laws (Fig. 3(a)). The
slope of G′′(ω) of 1 mg/ml HA is close to 1, with the
slope decreasing as HA concentration increases, consis-
tent with previous studies of HA solutions [29]. At con-
centrations higher than the entanglement concentration
ce(≫ c
∗), an elastic plateau region is expected due to
entanglement [37], where c∗ is the overlap concentration,
estimated to be ∼ 0.3 mg/ml. An elastic plateau was not
be observed even in the 4.5 mg/ml HA solution, imply-
ing that HA polymers in our samples were not strongly
entangled at this concentration.
Fig. 3(a) also shows data obtained from a 19 µm long
SWNT in the 4.5 mg/ml HA solution that was analyzed
separately. We could evaluate 8 modes. For modes 1 to
4 the recording time was not sufficiently longer than the
mode relaxation time so that they could not be used to
obtain shear moduli as discussed in the Supporting In-
formation (for comparison, data for all modes is plotted
in Fig. S10). Complex shear moduli from modes 5-8 are
consistent with Gbead. Note that the effective length of
mode 8 of the 19 µm filament (Leff = 2.2 µm) is approxi-
mately 5.7 times shorter than that of mode 1 (Leff = 12.7
µm), illustrating the possibility to measure medium re-
sponse over a relatively broad range of time and length
scales with a single fluctuating filament.
Eq. (3) shows that mode dynamics depend both on
the response of the embedding medium and the bending
stiffness of the filament. On the one hand, when fila-
ment properties are known, our approach allows us to
measure medium response. On the other hand, we can
obtain filament stiffness if medium response is known.
As a consistency check, we performed a global fit on
nine different power spectral densities (PSD) of the mode
amplitudes 〈|aq(ω)|
2〉. PSD is the Fourier transform of
MSAD. We used modes 1,2,3 of three nanotubes with
lengths of 9.15, 6.13, and 5.03 µm in 3 mg/ml HA to
obtain in this way the bending stiffness of the SWNTs
(Fig. 3(b)). Here we use the medium response Gbead
measured by bead microrheology as the known quantity.
Towards low frequencies, PSDs level off for the higher q
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FIG. 3. (a) Viscoelasticity of HA solutions measured from the
bending dynamics of SWNTs. HA concentrations 3 mg/ml in
top row and 4.5 mg/ml in bottom two rows. Top two rows:
SWNTs with length ∼10 µm (18 recordings from 5 nanotubes
with lengths of 4.5 ∼ 8.5 µm in 3 mg/ml and 14 recordings
from 8 nanotubes with lengths of 4.5 ∼ 7.5 µm in 4.5 mg/ml),
bottom row: 1 SWNT with length of 19 µm. Shear elastic
moduli of each HA solution were also measured by conven-
tional bead microrheology as controls (black crosses). Powe-
law fitting results of G′′bead microrheology are shown as solid
light blue lines. (b) PSDs as a function of wave number q and
frequency f(= ω/2pi) (10 recordings from three nanotubes
with lengths of 9.15, 6.13, and 5.03 µm). Three modes (1 to
3) of each SWCNT are plotted. A 3D fitting result of PSDs
with Eq. (4) is shown (light-blue mesh plane). Black solid
lines represent slices of the fitted plane at q = 0.515, 0.769,
0.858, 0.937, 1.20, 1.28, 1.56, 1.79, and 2.19 µm−1, which cor-
respond to wave numbers of three modes (1 to 3) of SWCNTs
with lengths of 9.15, 6.13, and 5.03 µm, respectively.
5modes because the elastic bending modulus of the fila-
ments increasingly restricts the thermal bending ampli-
tudes. The scale-dependent PSDs plotted in Fig. 3(b)
can be described by the generalized Langevin equation,
Eq. (1). Switching to Fourier space and using for the
power spectrum of the Brownian force, 〈ξ(s, ω)ξ(s′, ω)〉 =
2kBT
ω
δ(s− s′)Im[α(ω)], gives the PSDs as:
〈|aq(ω)|
2〉 =
kBT
ω
Im[χq(ω)] =
kBT
ω
α′′(ω)
|κq4 + α(ω)|2
(4)
with q = (k + 1/2)pi/L for mode number k. We can
thus globally fit all the scale-dependent PSDs with a
2D plane defined by Eq. (4) (Fig. 3(b)), with just
one free parameter, κ, having fixed the memory func-
tion α(ω) = k0G(ω) with the power-law fitting results of
Gbead. The fitting result is shown as a light-blue mesh
plane. Black solid lines represent slices of the fitted plane
at q = 0.515, 0.769, 0.858, 0.937, 1.20, 1.28, 1.56, 1.79,
and 2.19 µm−1, which correspond to wave numbers of the
first three modes (k = 1, 2, 3) of SWNTs with lengths of
6.20, 6.13, and 5.03 µm, respectively. From this fit, we
found κ = (7.09±1.04)×10−26 J·m, close to the reported
value κ = 1.26× 10−25 J·m [16] and proving the internal
consistency of our analysis.
To quantify the stealth character of filament microrhe-
ology, we can estimate how local depletion and non-affine
deformation effects around the probe, which are problem
in bead-based MR [12–15], would affect results for shear
moduli. Probe geometry enters through Eq. (3) in the
relation α(ω) = k0G(ω) with, in the case of a filament as
probe, k0 ≈ 4pi/ ln(ALeff/d). For a SWNT with 0.78 nm
diameter and 10 µm length as probe particle, the error
of the shape factor k0 would be less than 8% even if the
effective diameter of the filament were to double due to
the local non-affine deformation effect. Because k0 is in-
versely proportional to the logarithm of its aspect ratio,
FMR is quite insensitive to local perturbations changing
the effective filament cross-section.
In conclusion, we have introduced and tested filament
microrheology as a new method to measure shear elastic
moduli in soft viscoelastic media, using the bending
dynamics of embedded filaments. Slender filaments with
two dimensions on the nm scale and length on the µm
scale cause minimal local perturbations, easily penetrate
dense media such as the cell-internal structures or the
nucleus, while still coupling to mesoscopic medium
dynamics on the µm scale. Furthermore, filaments
report complex shear moduli at multiple length scales
simultaneously. Filament microrheology is thus uniquely
useful to measure scale-dependent viscoelasticity of soft
materials with hierarchical structures, for example the
cytoskeleton of living cells. In our test samples we
found good agreement with conventional microrheology
over almost 2-orders of magnitude in frequency. We
expect that other semi-flexible filaments such as actin
filaments or microtubules can also be used as a probe
filaments in biological systems which would have the
added advantage of avoiding the need to introduce
foreign objects into cells.
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Supplement: Multi-scale microrheology
using fluctuating filaments as stealth
probes
I. MATERIALS AND METHODS
Sodium hyaluronate with a weight-average molecular
weight (Mw) of 2 - 2.4 MDa, sucrose, and sodium de-
oxycholate (NaDOC) were obtained from Sigma Aldrich
Corp. (St. Louis, MO, USA). Phosphate-buffered saline
(PBS) was obtained from Invitrogen (Carlsbad, CA,
USA). SWNTs produced in a HiPco reactor were ob-
tained under a MTA from Rice University (batch number
189.2).
About 1 mg SWNTs was mixed with 2 mL of 2 wt
% NaDOC solution in a glass scintillation vial. The vial
was sonicated (Vibra Cell, VC-50; Sonics and Materials,
Newtown, CT, USA) at a power of 5 W for 7 - 8 s us-
ing a 2-mm diameter microprobe tip. After sonication,
the sample was centrifuged at 300 g for 15 min. The su-
pernatant was carefully collected and stored as a stock
solution.
A sucrose solution was chosen as a viscous control. The
stock solution of SWNTs was 100x diluted with deionized
water. 1 µL of the SWNT solution was added to 10 µL of
a sucrose solution to prepare a 60 wt% sucrose solution.
Various concentrations of sodium hyaluronate (HA)
dissolved in PBS were prepared as viscoelastic samples.
First, 5 mg sodium hyaluronate were dissolved in 1 ml
PBS and maintained as a stock solution at 4 ◦C. This
stock solution was consumed within 2 days to minimize
hydrolysis. The stock solution of SWNTs was diluted
100x with PBS. Samples at different HA concentrations
were prepared by diluting the HA stock solution with
PBS and adding the dilute SWNT solution. The final
dilution of SWNT in the samples was more than 1000x
from the initial stock SWNT suspension.
The samples were sandwiched between two coverslips
using strips of double stick tape. The chambers were
sealed using VALAP (1:1:1, vaseline:lanolin:paraffin). All
experiments were performed at room temperature (23
◦C).
NIR fluorescence images of individual nanotubes were
recorded under a Zeiss Examiner.Z1 upright micro-
scope or a custom-built inverted microscope, both of
which equipped with a high-NA objective (alpha Plan-
Apochromat, 100x, NA = 1.46; Zeiss). For both mi-
croscopes, fluorescence excitation was done with a 561
nm DPSS laser (500 mW cw; Cobolt JiveTM; Cobolt)
that was circularly polarized using a quarter-wave plate
(AQWP05M-600; Thorlabs) and then focused into the
back aperture of the objective. In both microscopes, NIR
fluorescence images were taken by a NIR camera with an
InGaAs detector (X-Cheetah1 10-CL-TE3, Xenics). A
tube lens (fT = 164.5 mm; Zeiss) focused the light onto
the NIR camera in the custom-built inverted microscope.
For the Zeiss Examiner. Z1, the NIR camera was con-
7nected to a camera side port. The frame rates for video
recordings from the sucrose sample and the HA samples
were 10 Hz and 20 Hz, respectively.
Oscillatory tests were performed on the sucrose solu-
tion by a commercial rheometer (MCR501, Anton Paar,
Austria) at 25 ◦C with a parallel-plate geometry (sam-
ples prepared in parallel with the ones used for filament
microrheology). The strain was 5 %. The viscoelasticity
of the HA solution was examined by conventional video-
microrheology as control, using micron-sized beads. We
used red fluorescent beads (Fluoro-Max R0100, Thermo
Fisher Scientific) with the diameter of 0.6 or 1 µm and
recorded with a frame rate of 50 Hz using a high-speed
CMOS camera (SA1.1, Photron, Bucks, UK) in the two
microscopes described above. We determined positions
and trajectories of the fluorescent beads using the Mo-
saic plugin of ImageJ [38].
We recorded and analyzed 24 movies of 8 fluctuating
nanotubes with lengths of 4.5 ∼ 6 µm in the sucrose solu-
tion, 14 movies from 6 nanotubes with lengths of 3.5 ∼ 10
µm in 1 mg/ml HA , 43 movies from 9 nanotubes with
lengths of 6.5 ∼ 11 µm in 2 mg/ml HA, 18 movies from 5
nanotubes with lengths of 4.5 ∼ 8.5 µm in 3 mg/ml HA,
and 14 movies from 8 nanotubes with lengths of 4.5 ∼ 7.5
µm in 4.5 mg/ml HA.
II. IMAGE ANALYSIS
The coordinates of the backbone of CNTs were de-
termined from each image by the JFilament plugin in
ImageJ [39] and used for further data processing. After
extracting the backbone coordinates (xi, yi) of SWNTs
from each images, the amplitude aq(t) of the kth mode
was calculated from the local tangent angle of the nan-
otube [18]. Here, the amplitude aq(t) was estimated
from the local tangent angle θ(si) = tan
−1(yi+1 −
yi)/(xi+1 − xi) via an integration by parts aq(t) =∫ L
0
ds u(s, t)yq(s) = −
∫ L
0
ds θ(s, t)y˜q(s) based on the re-
lation ∂u(s, t)/∂s ≈ θ(s, t). Here, y˜q(s) is denoted as the
integral of yq(s). The eigenmodes for Eq. (1) are given
by yq(s) as shown in the main text. For free-end bound-
ary condition, the integral of the eigenfunctions are given
by [17]
y˜q(s) =
√
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During video recording, parts of a given SWNT can
go out of focus due to 3D motions. This typically hap-
pens at the ends of a filament which causes an apparent
shortening (Fig. S1). When the ends of a filament fluctu-
ate in and out of the focal plane, the apparent length of
the filament changes and the decomposition into eigen-
modes would deliver eigenmodes of varying wavevectors.
The time course of the apparent length changes of an ex-
emplary SWNT is shown in Fig. S1. The length was
calculated in each frame by tracking the backbone of
the SWNT. In this particular time course, we observed
a strong apparent shortening between frame 1250 and
frame 1450. We therefore cut this recording into three
intervals, the boundaries of which are marked as dotted
vertical lines in Fig. S1. Period 2, when one end of the
SWNT went out of focus due to out-of-plane bending,
was cut out from the data and the two remaining frag-
ments were evaluated as independent shorter recordings.
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FIG. S1. Time series of length change together with typical
images during recording.
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FIG. S2. Comparison of mode amplitude fluctuations of freely
diffusing SWNTs and surface-immobilized SWNTs. PSDs of
(a) amplitude fluctuations of mode 1, (b) mode 2, and (c)
mode 3. For this plot, we took 6 movies of a 8 µm SWNT
and calculated PSDs of the three lowest eigenmodes, depicted
as dotted lines (1st: red, 2nd: green, 3rd: blue). Averages of
the 6 movies for each mode were calculated and smoothed by
logarithmic binning and are plotted as markers (1st: red filled
circles, 2nd: green filled triangles, 3rd: blue filled squares).
For comparison, PSDs of the amplitude fluctuations of the
first three eigenmodes of a surface-immobilized 8 µm SWNT
on the surface of a cover slip are also plotted.
To estimate the amount of noise due to the image
pixelation and image resolution limits, we performed
mode analysis on SWNTs physically attached to the glass
coverslip surface. We plotted power spectral densities
(PSDs) of apparent fluctuation amplitudes of an immo-
bilized SWNT in Fig. S2. PSDs of freely fluctuating
SWNTs are significantly larger than those of an immo-
bilized SWNT up to the Nyquist frequency for the first
three modes.
IV. RELATIVE IMPORTANCE OF FILAMENT
ELASTICITY AND MEDIUM ELASTIC
RESPONSE. VALUES OF THE TERM κq4/k0
WERE CALCULATED FOR EIGENMODES UP
TO THE 20TH MODE AND FOR DIFFERENT
FILAMENT LENGTHS, ASSUMING A
FILAMENT BENDING STIFFNESS OF
κ = 1.26 × 10−25 J·M
10
-5
10
-4
10
-3
10
-2
10
-1
10
0
10
1
1
2 3 4 5 6 7 8 9
10
2
Mode Number
 3μm
 5μm
 8μm
 10μm
 19μm
κ
q
4
/k
0
  
[P
a]
FIG. S3. Dependence of the term κq4/k0 on CNT length and
mode number
We plotted an apparent G′(ω) caused by the bending
stiffness of SWNTs, κq4/k0, against mode number with
various lengths using κ = 1.26×10−25 J·m [16] (Fig. S3).
With increasing mode number and shorter lengths, the
term κq4/k0 increases, indicating that the lower modes
of longer SWNTs are most suitable for measuring softer
materials. To pick the appropriate mode numbers with
κq4/k0 . 0.3, a horizontal dashed line of 0.3 Pa is plotted
in Fig. S3, and we chose mode numbers that are below
that line.
9V. THE AMPLITUDE VARIANCE OF THE
BENDING MODES
(a)
(b) (c)
(d) (e)
FIG. S4. Variance of the amplitude of the bending modes,
plotted vs wave number for (a) sucrose solution, (b)1 mg/ml
HA, (c) 2 mg/ml HA, (d) 3 mg/ml, (e) 4.5 mg/ml.
The total variances of amplitude fluctuations for su-
crose and HA solutions are plotted against the wavenum-
ber in Fig S4. As mentioned above, we recorded and
analysed more than 10 movies of SWNTs in each solu-
tion, depicted as blue lines. Averages of all the movies
in each panel were calculated and smoothed by binning
and are plotted as red circles. We plot the prediction of
the equipartition theorem: 〈aq(0)
2〉 = kBT/(κq
4) with
κ = 1.26× 10−25 J·m reported in Ref. [16]. Good agree-
ment was obtained for all the solutions, suggesting that
the equipartition theorem is valid in this wavenumber
regime.
VI. MICRORHEOLOGY ANALYSIS
We evaluated bead-based microrheology data to obtain
a reference value for the shear modulus of the embedding
medium G(ω). As discussed in [26], the time-dependent
response function χ(t) can be evaluated from a direct
transform of the MSD (M(t)) of the thermally fluctuating
particles, which is analogous to Eq. 2.
kBTχ(t) =
1
2
d
dt
M(t)
The frequency-dependent response function χ(ω) is then
obtained by
χ(ω) =
∫
∞
0
dtχ(t)eiωt = χ′(ω) + iχ′′(ω) .
The complex shear modulus G(ω) was calculated by
both methods via the generalized Stokes formula G(ω) =
(6piRχ(ω))
−1
, where R is the radius of the beads.
VII. VISCOSITY OF A SUCROSE SOLUTION
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FIG. S5. Viscosity of sucrose solutions measured from the
bending dynamics of SWNTs. For comparison, parallel-plate
macrorheometer data from the same solution (black crosses).
As mentioned in the main text, we plot G′′(ω) of a 60
wt% sucrose solution measured by FMR and macrorheol-
ogy. The complex shear moduli from two modes coincide
with the macrorheology result. The slope of G′′(ω) is
close to 1, as expected for a Newtonian liquid.
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VIII. SINGLE FILAMENT DYNAMICS IN 4.5
MG/ML HA SOLUTION
2 μm
FIG. S6. 15 snapshots of contours of a single SWNT perform-
ing Brownian motion in a 4.5 mg/ml HA solution, taken at
time intervals of 4 s (see Movie S1).
Typical tracking results of a SWNT in a 4.5 mg/ml
HA solution are shown in Fig. S6. Thermal bending
fluctuations of the filament are clearly visible.
IX. THE COMPLEX SHEAR MODULI OF 1
AND 2 MG/ML HA SOLUTIONS
Supplementing Fig. 3 in the main text, we plot the
complex shear moduli of 1 and 2 mg/ml HA solutions
measured by FMR from the bending dynamics of SWNTs
and by bead MR. Complex shear moduli from different
modes coincide with the bead-based microrheology re-
sults. The power-law fitting suggests that the slope of
G′′ increases as the polymer concentration decreases. For
the 1 mg/ml HA solution, the slope is close to 1, which
is expected for a Newtonian liquid.
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FIG. S7. Viscoelasticity of 1 and 2 mg/ml HA solutions mea-
sured by FMR, monitoring the bending dynamics of SWNTs.
X. ESTIMATION OF MODE RELAXATION
TIMES IN THE 4.5 MG/ML HA SOLUTION
By approximating the autocorrelation of mode am-
plitudes as single exponential relaxation 〈aq(t + δ) ·
aq(t)〉 = |aq(t) · aq(t)| exp(−δ/τq), we could roughly esti-
mate the relaxation time of kth mode as τq = γeff/κq
4 =
k0ηeff/κq
4, where effective viscosity (ηeff) can be esti-
mated by fitting G′′ with G′′ ∼ ηeffω [40]. For the 19
µm-long SWNT we obtained relaxation times τq for 1st
and 2nd modes of 857s and 111s. These relaxation times
were longer than or close to the recording time (154 s).
Therefore, complex shear moduli cannot be calculated
from modes 1 to 4 of of this SWNT and are not shown
in Fig. 3(b).
XI. ERROR ANALYSIS OF FILAMENT
MICRORHEOLOGY
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FIG. S8. Viscoelasticity of 3 and 4.5 mg/ml HA solution mea-
sured by FMR, normalized by the power-law fitting results of
bead MR results. HA concentrations for the two top and two
bottom panels were 3 and 4.5 mg/ml, respectively.
To closely check on the agreement between Gbead and
Gfilament, Gbead was fitted by a power law, and Gfilament
was divided by the fitting result of Gbead in Fig. S8. Nor-
malized complex shear moduli fluctuate around 1 in all
the data sets, suggesting that the complex shear moduli
evaluated from different filament bending modes coincide
with the bead microrheology results.
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XII. COMPARISON OF SYMMETRIC
METHOD WITH KRAMERS-KRONIG METHOD
TO CALCULATE COMPLEX SHEAR MODULI
Alternative to the symmetric data evaluation method
we used above [26], Gfilament can also be evaluated using
a Kramers-Kronig integral (KK integral) [3]. The power
spectral density (PSD) of the amplitude fluctuations of
the kth mode Cq(ω) = 〈|aq(ω)|
2〉 is directly related to
the imaginary part of the response function χ′′q (ω) via
the FDT [25] as given in Eq. (4). The real part of the
response function χ′q(ω) can then be determined using a
KK integral [3]
χ′q(ω) =
2
pi
∫
∞
0
ξχ′′q (ω)
ω2 + ξ2
dξ
=
2
pi
∫
∞
0
cos(ωt)dt
∫
∞
0
χ′′q (ω) sin(ξt)dξ (5)
To speed up this calculation, we performed additional
Fourier and inverse Fourier transformations, using fast
Fourier transformations (FFT), in the last line. We com-
pared the symmetric method with the KK method for the
case of the 4.5 mg/ml HA solution in Fig. S9. The com-
plex shear moduli evaluated from both methods largely
superimpose in this case, indicating that the KK method
can be used alternatively to the symmetric method. As
pointed out previously [26], the main advantage of the
symmetric method (Eq. 2) is that it delivers comparable
accuracy in both components of G at high-frequencies:
high-frequency artefacts primarily showing up in G′ are
diminished in the symmetric method based on evaluat-
ing χq(ω). Here the symmetric method again provides a
small improvement of G′ compared to the KK method at
high-frequencies, as shown in Fig. S9, in spite of noisy
data sets with a limited number of frames.
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FIG. S9. Complex shear modulus measured for 4.5 mg/ml HA
solution and evaluated with the KK method and the symmet-
ric method. The bending modes of top and bottom panels are
1 st and 2 nd modes, respectively.
XIII. COMPLEX SHEAR MODULI
EVALUATED FROM A 19 µM LONG SWNT
An exceptionally long SWNT with a length of 19 µm
was tracked in the 4.5 mg/ml HA solution. The result
of mode analysis from the recording of this long SWNT
is shown in Fig. S10. Although the overall recording
time (154 s) was not sufficiently longer than the relax-
ation time of the first modes (e.g., the relaxation time
of 2nd mode is 111 s as discussed above), we plotted
all the (apparent) complex shear moduli in Fig. S10 for
comparison. As shown in Fig. S10, the apparent com-
plex shear moduli obtained from modes 1 to 4 are still
relatrively close to the conventional microrheology data
although the recording time was not long enough. This
result confirms the robustness of the FMR method of si-
multaneously measuring viscoelasticity over a range of
length-scales from one single SWNT.
FIG. S10. Viscoelasticity of 4.5 mg/ml HA solution measured
by the bending dynamics of SWNT with symmetric method.
One long SWNT with 19 µm was used.
